Heisenberg's nonperturbative quantization technique is applied to the nonpertrubative quantization of gravity. An infinite set of equations for all Green's functions is obtained. An approximation is considered where: (a) the metric remains as a classical field; (b) the affine connection can be decomposed into classical and quantum parts; (c) the classical part of the affine connection are the Christoffel symbols; (d) the quantum part is the torsion. Using a scalar and vector fields approximation it is shown that nonperturbative quantum effects gives rise to a cosmological constant and an Euclidean solution.
I. INTRODUCTION
Up to now general relativity has refused to be quantized -it remains as an entirely classical theory. Using the same methods for quantization that were successful for electroweak interaction does not bring the desired result. Let us note that there are similar problems in quantizing quantum chromodynamics e.g. the well known confinement problem. Probably it is not that gravity can not be quantized. There were attempts to quantize gravity by the nonperturbative procedures but the result is non-renormalizable and can in the best case merely be understood as an effective rather than a fundamental theory.
Here we will consider Heisenberg's nonperturbative quantization technique applied to general relativity. In our approach (following Heisenberg) we write an infinite set of equations for all Green's functions. Probably it is a causa mortis to search an exact solution for such an infinite set of equations. More realistically one should use some approximate approach. For example, one could cut off this infinite set of equations using some approximation for n−th Green function. In such an approximation the n−th Green's function is decomposed into the i−th Green's functions with i < n. Or one can write some functional generated by the metric and affine connection. Varying with respect to variables describing the Green's functions one can obtain a finite set of equations describing a finite set of Green's functions.
II. HEISENBERG'S NONPERTURBATIVE QUANTIZATION TECHNIQUE FOR GRAVITY
In 1950's Heisenberg offered a method for the nonperturbative quantization of a nonlinear spinor field [1] . Following Heisenberg, nonperturbative operators of a quantum field can be calculated using the corresponding field equation(s) for this theory. The main idea is that the corresponding field equation(s) is(are) written in turns of quantum field operators.
According to Heisenberg [1] quantum operators of the metricĝ µν and the affine connectionΓ 
here we consider Einstein gravity without matter;R µν is the operator of the Ricci tensor;Ĝ ρ µν are the operators of the Christoffel symbols;K ρ µν is the operator of the contorsion tensor andR is the operator of the scalar curvature defined in usual mannerR
The operator of the contortion tensorK ρ µν is defined via the operator of the torsion tensorQ
The operator of the torsion tensor is the skew-symmetric part of the affine connection
The nonperturbative quantization of Einstein gravity means that the quantum operatorsΓ,ĝ obey the operator Einstein equations (1) (2) .
To the end of this section we review the work in Ref. [2] . Now we have obtained an extremely complicated problem for solving the operator Einstein equations (1) (2). Heisenberg's approach for solving this problem was to write an infinite set of equations for all Green's functions
where |Q is a quantum state. For simplicity below we will write · · · instead of Q |· · · | Q . Schematically the first equation (8) has Γ 2 and Γ · g terms; the second equation (9) has g · Γ and g · g µν · ∂g; the third equation (10) has ∂Γ · Γ and Γ 3 terms and so on up to infinity. Thus all equations are connected and this is the main problem to solve such an infinite set of equations. One can find a similar set of equations in statistical physics and turbulence theory (see, for example, [3] ). Also recall that Heisenberg's matrix mechanics worked with an infinite set of equations in terms of the matrix elements. In perturbative language Eqn.'s (8) Mathematically it can be explained as follows: for free and interacting operators of quantum fields we have two different algebras. For free fields the algebra is well known and it is described by canonical commutations relationships where commutators and anticommutators are distributions. But for interacting fields the algebra is unknown and in the arguments above we put forward the idea that the defining relationships will be ordinary functions (not distributions).
It is highly probable that the set of equations -either (1)- (3) or (8)- (19) -can not be solved analytically. One possible way to approximately solve these equations is as follows: We decompose the n−th Green's function
into a linear combination of products of Green's functions of lower orders
where C 2,3··· are constants. In such a way one can cut off the infinite set of equations (8)- (19). Such a technique is used to solve similar sets of equations in statistical physics and turbulence theory. Another way to approximately solve the infinite set of equation (8)- (19) is to choose some functional (for instance, the action or something like the gluon condensates in quantum chromodynamics [15] ) and write down its average expression using the corresponding Green's functions. After this it is necessary to use some well-reasoned physical assumptions to express the highest order Green's function through Green's functions of lower orders e.g. see the decomposition (21). Finally we will have a functional which can be used to obtain the Euler -Lagrange field equations for the Green's functions.
Let us note that equations (8)-(19) are similar to: (a) a Bogolyubov chain of equations (hierarchy) for the oneparticle, two-particle, etc., distribution functions of a classical statistical system; (b) Dyson -Schwinger equations for n-point Green's functions in quantum field theory; (c) equations connecting correlation functions for velocities, pressure and density in a turbulent fluid. In all cases the solution methods are similar to those discussed above: the decomposition of the n-point corresponding functions in terms of the product of lower order functions. For us the more interesting case is (b), the Dyson -Schwinger equations. In a perturbative quantum field theory these equations are usually written in the language of Feynman diagram techniques. But for us this approach is not applicable because gravity is a strongly self-interacting system. Heisenberg applied nonperturbative techniques for the quantization of a nonlinear, spinor field [1]. In Ref. [6] Heisenberg's technique was applied to the quantization of nonpertubative quantum chromodynamics, and it was shown that such an approach leads to the description of a gluon condensate in: (a) a glueball; (b) a flux tube filled with a longitudinal color electric field and stretched between quark -antiquark located at ± infinities. Following this way in Ref. [7] was shown that London'd equations can be obtained from a non-Abelian gauge theory.
The approximations from [1, 6] are not applicable for the quantization of general relativity because the nonlinearities in gravity are extremely strong. In usual field theory the nonlinearities are in the potential terms but in gravity they are in the kinetic term as well. Therefore we can not apply the nonperturbative quantization methods from usual quantum field theory to the quantization of gravity.
III. SCALAR FIELD APPROXIMATION FOR EINSTEIN EQUATIONS CORRECTED BY QUANTUM TORSION
In this section we will show that in quantum gravity fluctuating torsion gives rise to a cosmological constant both by perturbative and nonperturbative calculations in quantum gravity. In the approach presented here we consider the case with a classical metric, g µν , and quantum affine connection,Γ = G +K, where the Christoffel symbols (denoted by G) are in a classical mode and the contorsion tensorK is in a quantum mode.
Firstly we recall some relevant results from perturbative calculations [13] . Then we show that these same result can be obtained via nonperturbative quantum gravity.
A. Perturbative calculations with fluctuating torsion
The torsion contribution in perturbative quantum gravity is quite well studied. In Ref. [8] the path integral for higher-derivative quantum gravity with torsion is considered. The calculations are made in the limit of conformally self-dual metrics. The authors found that torsion actually shows up in a very complicated way, and that it cannot be integrated over. In Ref. [9] the general expression describing the conformal dynamics of quantum gravity with torsion in a curved fiducial background is obtained. The one-loop effective potential for the conformal factor (up to terms linear on the curvature and up to second order in torsion) is calculated. In Ref. [10] the authors apply the renormalization group approach to the calculation and analysis of the effective potential corresponding to interacting quantum field theory in curved spacetime with torsion. The purpose of Ref. [11] is the investigation of the trace anomaly induced dynamics of the conformal factor in four-dimensional quantum gravity. In Ref. [12] Grand Unification Theories in curved spacetime with torsion are investigated. It is shown that in a strong gravitational field these effective coupling constants tend to conformal values or increase in an exponential way.
In Ref.
[13] the torsion was considered as a collection of classical fields that should be quantized. This collective classical field could be written as
where Q 0 µ is the classical torsion and q µ are quantum fluctuations. Minimizing the effective potential of the torsion field and taking into account the polarization of a matter field on the vacuum it was shown that
The calculations further show that
where ∆ 2 0 is some constant. The result is that at low energies, and near an energy minimum, that gravitational theory with torsion is equivalent to Einstein gravity with a cosmological constant. The cosmological constant is the consequence of a spin-spin gravitational interaction.
In the next subsection we would like to show that a similar result can be obtained by a nonperturbative quantization of gravity.
B. Nonperturbative calculations with fluctuating torsion
Now we want to emphasize once again that, since quantum gravity is a non-renormalizable theory, the quantization of gravity must be performed without using the Feynman diagram technique. One way of performing this procedure is Heisenberg's nonperturbative quantization technique presented in section II. The main physical difference between Heisenberg and Feynman approaches is that Feynman diagram technique is based on the fact that the interaction between fields occurs at the points (vertexes). The quanta move between vertexes as free particles. In contrast to Feynman approach the Heisenberg approach is based on the fact that the interactions between quantum fields occur at all points of spacetime. Mathematically it means that instead of drawing and calculations of all Feynman diagrams we have to solve infinite equations set (8)-(19). Practically we cannot solve infinite equations set (8)-(19) and we have to cut off such infinite equations set to finite equations set using some physical assumptions about Green functions. For example, it can be so called either scalar (30) or vector (46) approximation for 2-point Green function.
For the derivation of the cosmological constant as a quantum gravity nonperturbative effect we will assume that the expectation value of the contortion tensor is zero
where G ρ µν are the classical Christoffel symbols. This means that
but the standard deviation of the contortion tensor is not zero
i.e.
For simplicity we also assume that the contortion tensor is absolutely antisymmetric i.e.K ρµν =K [ρµν] . In this casê
whereQ ρµν is the torsion tensor operator. Our strategy for the nonperturbative calculations is the following: using some assumptions about the standard deviation of the torsion tensor such as Q ρ µν 2 we will average the Einstein operator equation (2) with the operator of the affine connection from (1) and the operator of the Ricci tensor from (4) (5). Our basic assumption is the so called scalar field approximation
where ε ρµνσ is the absolutely antisymmetric Levi -Civita tensor; ς = ±1 [16] and φ(x) is a scalar field. According to [14] the relation between the Ricci tensor R µν obtained from the affine connection Γ ρ µν and the Ricci tensorR µν obtained from the Christoffel symbols G ρ µν is the following
Corresponding expressions for the operators arê
Averaging of the Ricci tensor operator (32) gives us
where we took into account that K ρ µν = Q ρ µν = 0 and R µν =R µν in the consequence of the fact that we are considering the case with a classical metric (as mentioned above at the beginninig of section III). Due to the antisymmetry of the torsion (29) we haveQ σ ρσ = 0 and the expectation value of the Ricci operator is
Now we can calculate the expectation value of the left side of the Einstein equations
Thus the vacuum Einstein equations with nonperturbative quantum gravitational admixtures arẽ
Now we would like to obtain an equation for the scalar field φ approximately describing nonperturbative quantum gravitational effects. In order that vacuum Einstein equations
are not overdetermined we demand that
Taking into account that
we obtain the desired equation for φ
Eq. (39) is the Bianchi identity for the quantitiesR µν andR constructed from the Christoffel symbols. The φ-equation (40) gives us following solution
and we can identify the scalar field describing the nonperturbative quantum effects with a cosmological constant in the following way
The results of this subsection are following:
• nonperturbative quantum gravitational effects lead to a cosmological constant;
• these nonperturbative effects appear from quantum torsion.
IV. EUCLIDEAN METRIC FROM NONPERTURBATIVE QUANTUM GRAVITY EFFECTS
In the previous section we have shown that in the first approximation nonperturbative quantum gravity effects lead to the appearance of a cosmological constant. Now we would like to consider another approach: a vector field approximation for Q 2 . We will see that in this case nonperturbative quantum gravity effects give rise to an Euclidean metric. Following Hawking [4] a small part of this space can be considered as a Euclidean origin of our Universe that should be joined (with the change of metric signature) to a Lorentzian spacetime.
A. Vector field approximation for Einstein equations corrected by fluctuating torsion
The main difference between this section and the previous section is the assumption about the expectation value of the square of torsion operator. Unlike the scalar field approximation (30) we will use in this section a vector field approximationK ρµν =Q ρµν =Q [ρµν] .
(43)
where we again introduce ς = ±1 since we can not fix the sign of the RHS of (46). The expectation values of the Ricci and scalar curvature operators with the vector field approximation for nonperturbative gravity quantization are
The vacuum Einstein equations areR
The same requirement as (37)-(39) gives us the following equation for the vector field A µ
In this subsection we solve Einstein equations (49) with terms describing nonperturbative quantum corrections appearing from the quantum fluctuating torsion. These corrections are approximately described with a vector field A µ obeying Eq. (51). Our main goal here is to show that near the origin (where a singularity is located) the metric (which is the solution of equations (49) (50)) is regular. In other words the nonperturbative quantum gravity effects do away with the singularities.
Let us consider the spherically symmetric metric
and the vector A µ is
The corresponding Einstein and A µ equations (50) are
The solution of this equations set is given in the Appendix A. We will consider the solution (A9) with C 1 = 0
The metric (52) is
Considering the case ς, C = +1 and introducing new coordinate χ = arssinh r l0 we obtain the metric
and we obtain a very unexpected result: g tt = −1 is negative and t becomes an imaginary time. In our opinion the physical sense of this result is the following: the nonperturbative quantum gravitational corrections gives rise to solutions where the signature of the spacetime depends on an arbitrary parameter (constant C in our case). We note that the scalar curvatureR is nonsingular. Following Hawking [4] one can offer the following interpretation of this solution: quantum effects are essential near the origin, t = 0, only. Far away from the origin these effects can be neglected. This allows us to assume that far away from the origin we have to join the metric (61) with a cosmological metric having a Big Bang singularity. This means that the nonperturbative quantum gravitational corrections may replace the cosmological singularity with a transition from an Euclidean to a Lorentzian metric.
V. CONCLUSIONS
We have shown that Heisenberg's nonperturbative quantization technique can be applied to quantum gravity. We have written an infinite set of equations describing all Green functions for the metric and the affine connection. Such a system of equations can not be solved exactly and we have offered some approaches to solve approximately this system.
In this paper we have considered an approximation (for the Palatini formalism) when the metric remains as a classical field and the affine connection as a quantum field. In our approximation the affine connection can be split into two parts: the first one is the classical Christoffel symbols and the second one is the quantum torsion. Using a scalar and vector field approximations we have shown that: (a) in the first case nonperturbative quantum corrections looks like a cosmological constant; (b) in the second case nonperturbative quantum corrections gives rise to a Euclidean metric near the origin. Formally we have the interesting possibility to interpret integration constant C (see metric (60)) as the metric signature: for C = +1 we have regular Euclidean space and for C = −1 we have Lorentzian spacetime.
Another interesting result is that the vacuum Einstein equations gives us regular solutions. The reason for this fact is that nonperturbative quantum gravitational effects are taken into account.
where we have rescaled the time t in such a way that r 0 = l 0 . 
